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Abstract
If X is a compact-covering image of a closed subspace of product of a σ -compact Polish space and a compact space, then
Ck(X,M), the space of continuous maps of X into M with the compact-open topology, is stratifiable for any metric space M .
If X is σ -compact Polish, K is compact and M metric then every point of Ck(X × K,M) has a closure-preserving local base,
and hence this function space is M1.
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1. Introduction
In [2] Gartside and Reznichenko showed that the space Ck(X) of continuous real valued functions on a Polish (i.e.,
separable, completely metrizable) space X is stratifiable (definition below). Interestingly it remains unknown if these
function spaces are necessarily M1 (have a σ -closure preserving base), and Ck (irrationals) is a prime candidate for a
counter-example to the M3 ⇒ M1 question whether every M3-space is an M1-space or not.
Here in this note we expand the class of function spaces known to be stratifiable by showing: if X is a compact-
covering image of a closed subspace of product of a σ -compact Polish space and a compact space, then Ck(X,M),
the space of continuous maps of X into M with the compact-open topology, is stratifiable for any metric space M .
Our proof of stratifiability is necessarily completely different from the argument of [2] where essential use was
made of the separability of Ck(X) when X is Polish. There are two kinds of differences. First, instead of making
σ -cushioned pair base, we demonstrate the existence of g-functions as in the definition of stratifiability: a space Z
is stratifiable if for every point z of Z there is a decreasing sequence g(n, z) of open sets with intersection {z} such
that if z is in an open set U , then there exists an open W and integer N such that z ∈ W ⊆ U and if y /∈ U then
g(N,y)∩W = ∅.
Second, we apply the argument due to Gruenhage and Tamano [3] who showed, if X is a σ -compact Polish space
then there are two collections, K and P , of compact sets with the following properties:
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(∗) whenever xn ∈ Kn ∈K, and xn /∈⋃j =n Kj , then the set {xn}n∈ω has a limit point;
(2) P = {Pn: n ∈ ω} is an increasing collection whose union is X and:
(∗∗) for any n ∈ ω and K ∈K, Pn \ Pn−1 ⊂ K or (Pn \ Pn−1)∩K = ∅.
Their proof then proceeds by induction on C-scattered rank. If X is σ -compact Polish then define X(0) = X, and
inductively X(α+1) = X(α)\(all points of X(α) with a compact neighborhood) and X(λ) =⋂β<λ X(β) for limit λ.
For some minimal α < ω1, called the C-scattered rank, X(α) = ∅. Gruenhage and Tamano used these collections
to show that if X is σ -compact Polish then Ck(X) is M1. In Section 3 we will similarly show that: if X is σ -compact
Polish, K is compact and M metric then Ck(X × K,M) is m1 (every point has a closure preserving local base) and
hence is M1.
In the final section we give some relevant examples.
Let B be a Banach space with norm ‖ · ‖. For any f ∈ Ck(X,B), compact set K , and ε > 0, let B(f,K, ε) = {g ∈
Ck(X,B): ‖g(x)− f (x)‖ < ε}.
2. Stratifiability
Theorem 1. Suppose X is a σ -compact Polish space and B is a Banach space with norm ‖ · ‖. Then Ck(X,B) is
stratifiable.
Proof. The proof is by induction on the C-scattered rank.
Case 1. X is locally compact. This corresponds to X having C-scattered rank one. Write X as an increasing union
of compact sets Ln,n ∈ ω, where Ln is contained in the interior of Ln+1. Then {B(f,Ln,1/(m+ 1)): n ∈ ω,m ∈ ω}
is a countable local base of f ∈ Ck(X,B).
Therefore, Ck(X,B) is metrizable, and hence stratifiable, since it is a first countable topological group.
Case 2. X has a locally-finite cover G = {Gm: m ∈ ω} by closed sets such that Ck(Gm,B) is stratifiable for each
m ∈ ω. Note that this case is satisfied if X has C-scattered rank a limit ordinal.
Fix a g-function gm for each Ck(Gm,B). Then, for any f ∈ Ck(X,B), we can consider f |Gm the restriction of f
on Gm, and the {gm(n,f |Gm): n ∈ ω} satisfy the requirements of a g-function of stratifiable spaces.
Also, we may assume that gm(n,f |Gm) is of the form B(f |Gm,K, ε) = {g ∈ Ck(Gm,B): ‖g(x) − f (x)‖ <
ε for any x ∈ K} for some compact set K ⊂ Gm and ε > 0. Then gm(n,f |Gm) can be considered as an open sub-
set gˆm(n,f |Gm) = B(f,K, ε) = {g ∈ Ck(X,B): ‖g(x) − f (x)‖ < ε for any x ∈ K} of Ck(X,B). So we can denote
gm(n,f |Gm) as gm(n,f ), and define g(n,f ) =
⋂
in,jn gi(j, f ). Then, by the local finiteness of G and the defini-
tion of g(n,f ), it is easy to check g(n,f ) a g-function for Ck(X,B).
Case 3. The C-scattered rank of X is a successor ordinal α + 1 (where α  1). In this case, suppose A = X(α).
By Case 2, it is sufficient to prove this when A is compact. Then by Borges–Dugundji Extension Theorem [1,4],
Ck(X,B) can be embedded as a subspace of Ck(A,B) × Ck,0(X/A,B) by taking f to (f |A,f − e(f |A)). Here e
is the extension map, and Ck,0(X/A,B) is the subspace of Ck(X/A,B) consisting of all maps assigning the point A
to the zero element in B . Since it is obvious that Ck(A,B) is metrizable, we just need to show that Ck,0(X/A,B) is
stratifiable. 
In the following, we will first give the definition of the g-function of Ck,0(X/A,B), then verify it has the requisite
properties.
2.1. Definition of the g-function
By above remark, it suffices to show that the space Ck,0(X,B) = {f ∈ Ck(X,B): f (∗) = θ} has a g-function in
case that X(α) = {∗} (one point set).
Fix a non-increasing local base (Uk)k∈ω at ∗ U0 = X. Let Vk = Uk \Uk+1. Hence, r(Vk) < α+1 for each k. So, by
our Inductive Hypothesis, for any f ∈ Ck(X,B), f |Vk has g-function for each k ∈ ω denoted by Gk(n,f |Vk ). Notice
that Gk(n,f |Vk ) can be considered as an open neighborhood of f in Ck,0(X,B). So, here we can denote this open
neighborhood by Gk(n,f ).
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For each k ∈ ω and K ∈K, let Kk = K ∩ Vk and Kk = {Kk: K ∈K}, and P kn = Pn ∩ Vk . Then since Vk is closed
for each k ∈ ω, it is obvious that Kk and {P kn : n ∈ ω} also have the properties (∗) and (∗∗) with respect to each Vk .
Let q be any positive rational, and let qn = (1 − 1/2n+1)q . For each L ∈K, define
Bq(L) =
{
f ∈ Ck,0(X,B): ∀n∀x ∈ L∩ Pn
(∥∥f (x)∥∥< qn)}.
Claim. Bq(L) is open in Ck,0(X,B).
Proof of Claim. Fix f ∈ Bq(L). Since L is compact, there exists x ∈ L such that ‖f (x)‖ = sup{‖f (y)‖: y ∈ L}.
Then x ∈ P kn for some n ∈ ω. Hence, ‖f (x)‖ < qn. Let εi = min{qi − ‖f (y)‖: y ∈ L ∩ P ki }, if L ∩ P ki = ∅. Finally
let ε = min{εi : 1 i  n,L∩ Pi = ∅}.
Then we can check B(f,K, ε) ⊆ Bq(Kk).
Fix a ∈ ω. Since f is continuous and f (∗) = θ , we can get Maf ∈ ω, such that ‖f (x)‖ < (1 − 1/2)10−(a+1) for
any x ∈ Vm with mMaf .
In the following, set q = 10−(a+1) and q	 = (1 − 1/2	+1)10−(a+1), and let Kkf = {Kk ∈Kk, f /∈ Bq(Kk)}.
Call x ∈ Vk a bad point of f if there exits 	 ∈ ω such that x ∈ P	 ∩Vk but ‖f (x)‖ > q	. (This terminology, and the
following proof is similar to the argument in [3].) It is easy to see that f has a bad point in every Kk ∈Kkf . Also, we
can see Kkf = ∅ if k Maf .
Fix k ∈ ω with Kkf = ∅.
Let 	0 be the least such that there is a bad point x0 ∈ P k	0 of f which is in some Kk0 ∈Kkf . Then there exists εk0 such
that B(f, {x0}, εk0)∩Bq(Kk) = ∅, for any Kk with x0 ∈ Kk ∈Kkf .
Then take Kk1,f = {Kk ∈ Kkf : x0 /∈ Kk}. If Kk1,f = ∅, we can get x1, 	1, εk1, and Kk1 . Here, 	1 is the least number
such that there is a bad point x0 ∈ P k	0 of f in some Kk1 ∈ Kk1,f and B(f, {x1}, εk1) ∩ Bq(Kk) = ∅, for any Kk with
x1 ∈ Kk ∈Kk1,f .
Then we can take Kk2,f = {Kk ∈Kkf : x1 /∈ Kk}.
Inductively we get xi ∈ Kki ∈Kki,f , where xi is in P	i \P	i−1 and is a bad point of f , 	0 < 	1 < · · ·, and Kki contains
no bad points of f in P	i−1.
In particular, this implies xi /∈ Kkj if i < j . We show, by contradiction that this process must terminate after a finite
number of steps.
If not, suppose that we get an infinite sequence {xi : i ∈ ω}. We claim the xi ’s form a closed discrete set. For
suppose they have a limit point y, say y ∈ PL. Then y is a bad point of f (note f (y) q). For sufficiently large j ,
	j > L, it follows that y is not in Kkj . Then by closure-preserving, the set
⋃{Kkj : 	j > L} is closed, contains all but
finitely many xi ’s and misses y—a contradiction. Since {xj : j ∈ ω} is discrete, we can pass to an infinite subset A of
ω such that, for i = j ∈ A, we have xi not in Kj . Then by the convergence property (∗) of Kk , {xi} must have a limit
point—contradiction.
Therefore, we can suppose the above stops in 	k,af steps. Take ε
k
f = min{εk0, . . . , εk	k,af } and F
k,a
f = {x0, . . . , x	k,af }.
Now B(f,F k,af , ε
k,a
f )∩B10−(a+1) (Kk) = ∅, for any Kk ∈Kkf .
Finally we can give the definition of the g-function at f .
g(n,f ) =
(
n⋂
i=0
Gi(n,f )
)
∩
(
n⋂
a=1
Maf⋂
k=0
B
(
f,F
k,a
f , ε
k,a
f
))
.
2.2. Verification of the g-function
Take ψ ∈ C0(X,B), K ∈K, n ∈ ω and let U = B(ψ,K,10−n). Since ψ(∗) = θ and ψ is continuous, there exists
Mψ such that ‖ψ(x)‖ < 10−(n+1) for any x ∈ UMψ . So, we can see ψ ∈ B10−(n+1) (K ∩UMψ ).
For each Vi, i Mψ , we have ni and Wi which contains ψ |Vi satisfying that Gi(ni, h) ∩ Wi = ∅ for any h ∈
Ck,0(Vi,B) \B(ψ |Vi ,K ∩ Vi,10−n).
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It remains to check the g(n,f )’s, N and W satisfy the conditions in the definition of stratifiability.
Take f /∈ U , which means there exists x ∈ K such that
(1): ‖f (x)−ψ(x)‖ > 10−n. Two cases arise.
Case 1. x ∈ Vi and 1 i Mψ . Then easily, we get g(N,f )∩W = ∅.
Case 2. x ∈ Vi and i > Mψ . Then since ‖ψ(x)‖ < 10−(n+1), from inequality (1), we get ‖f (x)‖ > 9 · 10−(n+1).
Hence f /∈ B10−(n+1) (Ki), so Ki ∈Kif Then we know B(f,F in,\εi,nf ) ∩ B10−(n+1) (Ki) = ∅. Now g(N,f ) is a subset
of the first term and W is a subset of the second one, and hence g(N,f )∩W = ∅. 
More generally, we have the following theorem.
Theorem 2. Suppose Y is a σ -compact Polish space, K is a compact space, and M is a metric space. If X is a
compact-covering image of a closed subspace of Y ×K , then Ck(X,M) is stratifiable.
This follows directly from the theorem above and the following observations: stratifiability is hereditary, and for
X,Y,K and M as in the theorem Ck(X,M) embeds in Ck(Y,Ck(K) ×B) for any Banach space B containing M .
It is natural to ask whether the restriction to σ -compact spaces in Theorems 1 and 2 can be removed: if X is a
Polish space and B a Banach space, then is Ck(X,B) stratifiable? Clearly the above proof relies completely on the
C-scattered structure of σ -compact Polish spaces.
3. The m1 and M1 properties
Theorem 3. Suppose X is a σ -compact Polish space and B is a Banach space with norm ‖ · ‖. Then Ck(X,B) is an
m1-space, and hence M1.
Hence, if K is a compact space, then Ck(X ×K) is m1 and M1.
Proof. First recall that a stratifiable m1 space is M1 [5]. So it is sufficient to show Ck(X,B) is m1. Further, since
Ck(X,B) is a topological group, we only need to construct a closure preserving base for the zero function 0.
Let q > 0, and let qn = (1/2n+1)q . As in [3], for each K ∈ K, define Bq(K) = {f ∈ C(X,B): ∀n∀x ∈ K ∩
Pn(‖f (x)‖ < qn)}. Then the same proof as in [3] shows that {Bq(K): K ∈ K} is closure-preserving. (Note that the
difference is only between the absolute value and the norm.) Take an increasing cover {Kn}n∈ω of X consisting of
elements of K. Then {B(0,Kn,1/2n): n ∈ ω} is an open family of Ck(X,B) which is locally finite outside {0}. Now
define Bn = {B1/2n(K): Kn ⊆ K} and B = {Bn}. Then B is a closure-preserving open neighborhood base of 0. 
4. Examples
Observe that if we take any σ -compact Polish space, Y , which is not locally compact, for example an open disc in
the plane along with one boundary point, or the metric fan (see below), and any non-metrizable compactum, K , say
[0,1]ω1 , then Ck(Y ×K) is non-separable, stratifiable but not metrizable.
Now we give an example of a non-metrizable space X which is the compact-covering image of a σ -compact Polish
space. Then Ck(X) is (separable) stratifiable but not metrizable.
Let X = F be the metric fan and σ be the metric fan topology. So F has underlying set (ω × ω) ∪ {∗}, points in
ω × ω are isolated, and a basic neighborhood of ∗ has the form {∗} ∪ ((N,∞) × ω) for some N ∈ ω. This is indeed
σ -compact Polish, but not locally compact.
Fix P a non-principal ultrafilter on ω. Define a new topology τ as follows: points of ω × ω are isolated, and basic
neighborhoods of ∗ are of the form {∗} ∪ ((N,∞)×ω)∪ (⋃nN {n} × F) where F ∈P and N ∈ ω.
Claim. The compact subsets of (F, τ ) coincides with the compact subsets of (F, σ ).
Proof of Claim. First observe that {n} ×ωτ = {n} ×ω ∪ {∗}.
Take any compact subset K ⊆ (F, τ ). Then for each n ∈ ω, K ∩ ({n} × ω) ⊆ K ∩ ({n} × ω ∪ {∗}) which is finite.
Therefore, K is compact in (F, σ ).
Since τ ⊆ σ , it is clear that sets compact in (F, σ ) are τ -compact. 
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Since ∗ has no countable local base in (F, τ ), (F, τ ) is not metrizable.
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